Abstract: This note presents the results of a study on the variation of the strength of geomaterials. A general isotropic strength criterion is proposed which unifies the peak strength and critical state ͑or steady state͒ strength into one strength criterion. The proposed criterion describes the strength of a geomaterial in terms of its current stress state, its current voids ratio, and the bonding of its constituents. The proposed criterion has been applied to sand, clay, cemented sand and rocks. Based on comparisons presented between theoretical simulations and experimental data, it is seen that the proposed criterion describes successfully the isotropic strength of all these materials for general stress conditions.
Introduction
The shearing strength of geomaterials has always been a focus of interest in geotechnical engineering. This is because of the key role that strength mobilization plays in determining the behavior of most geotechnical structures, and because of the usual need for designers to ensure an adequate margin of safety against failure, i.e., the point where the ultimate shearing resistance is mobilized.
The formulation of the Coulomb strength criterion in 1773 ͑Heyman 1972͒ was perhaps the most significant work in the early development of theoretical soil mechanics, and the subsequent Mohr-Coulomb criterion is now one of the most popular strength criteria in use today. Much research has also been conducted throughout the past century on the study of the strength of geomaterials ͑Hvorslev 1937; Roscoe et al. 1958; Rowe 1962; Mogi 1971; Lade 1977; Matsuoka and Nakai 1982͒ . With respect to shearing resistance, the following features are generally considered important for engineering design and for numerical simulation of the performance of geotechnical structures: 1. The strength of a geomaterial is dependent on the magnitudes of all three principal stresses. It appears that the shape of the failure surface in principal stress space may be different for different geomaterials; 2. Various strength criteria of geomaterials may be identified, e.g., the peak strength and the postpeak strength. Usually the peak strength is of major concern, but there may be problems in which the postpeak behavior, is also important; and 3. The strength of a geomaterial is usually influenced by the presence of cementation, reinforcement, and soil structure. However, there appear to be few consistent strength criteria, if any, able to describe all the above features. This paper reviews both the peak strength and postpeak strength of geomaterials. A general isotropic strength criterion is proposed which describes the strengths of a wide range of geomaterials by a single equation. Based on this semi-empirical strength criterion, a generalized shear stress parameter is also defined. This generalized shear stress provides a useful parameter by which to interpret the shearing behavior of geomaterials observed in various laboratory testing apparatuses, such as the conventional triaxial test, the true triaxial test, and the hollow cylinder apparatus. The proposed criterion is used to simulate the strengths of many geo-materials in different situations, and comparisons are made between these simulations and some available experimental data.
The anisotropic strength of some natural soils is not studied in this paper. Whether the strength criterion proposed in this paper can be extended to include these aspects will be an issue examined in work.
Critical State Strength

General Expression for Critical State Strength
The concept of a critical state of deformation of soil has been extensively studied and well documented ͑Casagrande 1936; Hvorslev 1937; Schofield and Wroth 1968; Been and Jeffries 1985; Bolton 1986; Ishihara 1993; Chu 1995͒ . The earlier work in this area identified critical states for laboratory reconstituted soils. However, it has been demonstrated that a critical state exists for other geomaterials, such as naturally and artificially cemented sands, and soft and hard rocks ͑Carter and Airey 1994; Novello and Johnston 1995͒. The critical state strengths of soils are examined first because these strengths are independent of the methods of sample preparation and initial soil conditions. Subsequently, the criterion will be extended to describe the peak strength of soils and other geomaterials. 
TECHNICAL NOTES
The following three features characterize the strength criteria of geomaterials at the critical state ͑Schofield and Wroth 1968; Muir-Wood 1990͒: 1. The criterion can be expressed in terms of the three stress invariants; 2. The criterion is a homogeneous equation; and 3. The shape of the critical state surface in principal stress space is a linear cone, with the apex of the cone being at the origin of stress space and only that part of the surface with positive ͑compressive͒ values for all three principal stresses is valid. Consequently, the critical state strength criterion is determined by the shape of the strength surface in the plane, which can be identified from tests performed with a true triaxial apparatus. In this paper the plane is defined and plotted in terms of Cartesian coordinates as follows:
where pЈϭmean effective stress, given by
1 Ј , 2 Ј, and 3 Ј are the principal effective stress components.
After reviewing a large body of experimental data, Liu ͑1991͒ proposed the following general stress parameter that can be used to define the critical state strength surface:
where sϭmaterial constant. As demonstrated later in this paper, equations that assign a constant value to the parameter f 2 define critical state failure surfaces for geomaterials. Because tensile normal stresses cannot be applied to soils at the critical state of deformation, the valid range for Eq. ͑3͒ is as follows:
The variation of the critical state surface ( f 2 ϭconstant) with parameter s has been calculated, and its shape in the plane is indicated in Fig. 1 . When sϭ1 the proposed criterion coincides with the Matsuoka-Nakai ͑1982͒ criterion and can also be seen as a reasonable mathematical approximation of the Mohr-Coulomb criterion in general stress space. When sϭ0 the new criterion coincides with the Lade ͑1977͒ criterion, and it approaches the von Mises criterion as the value of s further decreases. The variation with s of ex , the angle of shearing resistance for a conventional triaxial extension test, is shown in Table 1 . In these calculations, the angle for a conventional triaxial compression test, cm , is assumed to be 32°. The value of s can be determined from two sets of stress for soil at the critical state, one from a triaxial compression test and the other from a triaxial extension test, because the two stress states yield the same value of f 2 for a given material.
Generalized Stress Ratio
† and Generalized Shear Stress q † It is seen from Table 1 that the value of f 2 varies greatly with s. To link the value of f 2 directly to the familiar concept of stress ratio, a generalized stress ratio ∧ is defined as follows:
For a stress state where the intermediate principal stress is equal to the mean stress ͑see point A in Fig. 2͒ , ∧ is equal to the ratio of the maximum shear stress divided by one-half of the mean stress, i.e., ∧ ϭ
It can also be shown that ∧ is a monotonic function of f 2 and ∧ ϭ0 if f 2 ϭ0. It is assumed therefore that stress conditions with the same value of ∧ correspond to the same degree of shear strength mobilization. Similarly, a generalized shear stress q ∧ is proposed here as follows:
A critical state strength criterion is thus proposed as
where M cs ∧ ϭcritical state value for ∧ , which can be calculated from any critical state of stress via Eqs. ͑3͒ and ͑5͒.
The purpose of defining a generalized stress ratio ∧ and a generalized shear stress q ∧ is to provide alternative stress quantities for constitutive modeling of geomaterials. The corresponding conventional stress quantities are the stress ratio and the shear stress q, defined as Because the failure loci for most geomaterials in the plane are not circles, the failure surface cannot be expressed as simply as ϭconstant or qϭconstant. It is reasonable to expect that the mathematical form of the failure locus could be very complicated. However, if the failure locus for most geomaterials in the plane can be simulated quite well by Eq. ͑3͒, the failure surface can be expressed conveniently as ∧ ϭconstant or q ∧ ϭconstant. The generalized shear stress q ∧ and the generalized stress ratio ∧ are therefore two powerful stress quantities with which to describe the behavior of geomaterial in general stress space.
Modeling Strength Variation
Unlike the critical state strength, the peak strength of a geomaterial is not an intrinsic material property, but varies with factors such as soil stress, strain state and soil structure. The purpose here in Modeling Strength Variation is to demonstrate how the strengths mobilized at various stages of loading can be described satisfactorily using the generalized stress quantities and Eq. ͑3͒. These strengths include the peak strength and the critical state strength, as well as the transition between these two states. Isotropic features of soil strength only are of concern, so that in general the transition between the various strengths can be regarded as a rigid translation of the strength surface along the axis in stress space defined by 1 Јϭ 2 Јϭ 3 Ј , and also perhaps by isotropic expansion or contraction of the strength surface. After a rigid, isotropic translation, the critical state strength surface, given by Eq. ͑3͒, can be expressed as follows:
where Cϭmagnitude of the isotropic translation, and C depends on the cohesion of the material. The valid range for Eq. ͑11͒, i.e., the rigidly transferred strength surface, is therefore as follows;
Tensile normal stress cannot be applied to a noncohesive material, and therefore Cϭ0 for a noncohesive material.
The generalized shear stress ratio and shear stress q , modified by the rigid isotropic translation, can also be calculated from Eqs. ͑5͒ and ͑7͒, respectively, by substituting f 2 for f 2 ∧ and for ∧ .
The isotropic variation in material strength can be modeled simply by a mapping quantity, L. Therefore, the general critical state strength criterion, Eq. ͑8͒, can be modified to take into account the influence of the isotropic variation of the strength, so the following general isotropic strength criterion for geomaterials is proposed:
Eq. ͑13͒ represents both the peak strength and the critical state strength of geomaterials, and includes the isotropic translation and variation of the peak strength arising from factors such as the stress level, voids ratio, cementation and the structure of natural geomaterials. It may also be noted that the relationship between the peak strength of a geomaterial and its final strength is hierarchical in nature so it could also be obtained from the disturbed state concept proposed by Desai ͑2001͒.
Granular materials and reconstituted clays possess no cohesion. Therefore, the tip of the conical strength surface is set at the origin of the three-dimensional principal stress space, i.e., Cϭ0. For these soils, it has been demonstrated by Been and Jefferies ͑1985͒ that the effect of voids ratio and stress level on the peak strength can be described by a single parameter, the state parameter ⌽, i.e., ⌽ϭeϪe cs ϩ ln pЈ (14) 
where b 1 ϭa soil strength parameter. Hence for sands and reconstituted clays the mapping parameter L may be expressed as
Evaluation of General Strength Criterion
Shape of Failure Surface in Plane
Because only geomaterial strength that is isotropic is of concern in this paper, this material strength can be described completely by the three stress invariants. The entire failure surface, or ''strength surface,'' can thus be shown in the principal stress space and it can also be projected onto two planes the plane and the pЈ -q plane. The shape of the strength surface for soils in the plane is discussed here. It can be seen from the proposed equations, Eqs. ͑11͒ and ͑13͒, that the shape of the strength surface is determined by the parameter s, and that the size of the surface is determined by p . The failure surfaces for three soils are considered. They are reconstituted Grundite clay, Monterey No. 0 sand, and Ottawa sand. None has genuine cohesion and as a result, Cϭ0 for all four soils. The sources of the test data and the values of soil parameters identified are shown in Table 2 .
Comparisons between the theoretical simulations and the experimental data are shown in Figs. 3-5. It is seen that the proposed general strength criterion describes very satisfactorily the strength surfaces for all these soils. It has also been widely observed that the isotropic strength surfaces for many soils in the plane fall into the range described by the proposed strength criterion illustrated in Fig. 1 
Peak Strength of Sands and Reconstituted Clays
As discussed in Evaluation of General Strength Criterion, the peak strength for sands and reconstituted clays can be expressed in terms of the state parameter by the following equation:
The experimental data on the peak strength of sands summarized by Been and Jefferies ͑1985͒ are investigated here. The following values for critical state friction angles were used to predict the bounds on the peak strength: csu ϭ34.6°and csl ϭ30.5°.
Two values for b 1 were assumed, and they are b 1 ϭ1.0 and 1.2. Both the predictions and the experimental data are shown in Fig. 6 . It is observed that the proposed linear relationship represents satisfactorily the variation of peak strength with the state parameter. The experimental data include eight different types of sand. In situations where there is a lack of detailed information, the general trend summarized by Been and Jefferies ͑1985͒ may be adopted. Therefore, the following equation is suggested for sands and reconstituted clays:
Strength of Cemented Sands
For cemented sands and some natural clays that exhibit cementation the effects of cohesion on the material strength should be modeled. Two sets of experimental data are examined. The first set of data includes some conventional triaxial compression tests on both uncemented and artificially cemented sand ͑Clough et al.
1981͒. For the cemented specimens, two different cement percentages ͑by weight͒ were considered, 2 and 4%. The values of the material parameters used for the theoretical simulations are listed in Table 3 . A comparison between the simulations and the experimental data is shown in Fig. 7 . It is seen that the variation in the peak strength for the artificially cemented sand is successfully described by the proposed criterion. The second set of experimental data includes some true triaxial tests on another artificially cemented Monterey No. 0 sand ͑Reddy and Saxena 1993͒. The cement content for this series of tests was 2% by weight. Three different values of the mean effective stress are considered, pЈϭ138, 207, and 276 kPa. The values of material parameters for this cemented sand were identified according to the physical meaning of each parameter. Parameter C was determined by the translation of the failure surface due to cementation, and the magnitude of the translation can be interpreted from the failure curves at three different stress levels. Parameter s was determined from the shape of the failure surface in the plane, and parameter M p was determined by the magnitude of the failure surface in the plane. M p is found to be constant for all three different stress levels, and therefore Lϭ1. The values of material parameters determined for this cemented sand are M p ϭ1.527, sϭϪ15, Cϭ35 kPa, and Lϭ1.
It is found that all the material parameters can be assumed to be independent of the stress level for this series of tests. Both the experimental data and the theoretical simulations are shown in Fig. 8 . It is seen that the strength surface of the cemented Monterey No. 0 sand has been modeled very satisfactorily. In comparing the results for the cemented and uncemented Monterey No. 0 sand, it is seen that cementation affects the strength of this sand in two important ways. Obviously, the cemented sand has cohesion, but it also exhibits a higher angle of friction than the uncemented sand. However, the shape of the strength surface appears to remain the same, independent of the cement content, i.e., a value of sϭϪ15 is found for both uncemented and cemented Monterey No. 0 sand. The strength surfaces in the plane for other cemented sands and clays are also found to fall into the range described by the proposed strength criterion ͑Matsuoka and Sun 1995͒.
Strength of Rocks
A fractured rock mass has no true cohesion ͑only interlocking rock fragments͒, and therefore Cϭ0. In this situation the strength equation for a rock mass can be obtained from the proposed general isotropic criterion, Eq. ͑13͒ as follows:
It should be pointed out that the form of parameter L is likely to depend on the type of material as well as on its structure.
Tests on Trachyte carried out by Mogi ͑1971͒ are quoted here to demonstrate the applicability of the proposed strength criterion for intact rocks. The values of the rock parameters used to generate the theoretical strength envelopes are listed in Table 4 . Both the measured and simulated peak strengths for the Trachyte are shown in Fig. 9 as a function of the mean stress. A comparison of the theoretical and experimental strength surfaces in the plane (19b) where p a ϭstandard atmosphere pressure, and the stress units are expressed in kPa. The valid range for the above equation is Ϫ6,600 kPaрpЈ р250,000 kPa. For the simulation, the value of the stress ratio corresponding to the critical state strength M cs ∧ was assigned as 2.7. Accurate identification of the critical state strength for rocks can be very complicated. A detailed study of the applicability of the critical state concept for rocks and its determination can be found in a paper by Novello and Johnston ͑1995͒. Although mapping parameter L will be affected if some other value for M cs ∧ is adopted, Eqs. ͑19a͒ and ͑19b͒ are not affected by different values selected for M cs ∧ . It has also been observed that the trends observed for some other rock masses and intact rocks are similar to those of the Trachyte considered here ͑Hoek 1983; Kim and Lade 1984; Yassin 1988; Senseny et al. 1992͒ .
Conclusions
A study of the strength of various geomaterials was described and a general critical state strength criterion was proposed. This criterion includes the variation of the strength surface for different materials, e.g., the surface in the plane can vary from an approximation to the Mohr-Coulomb surface to an approximate von Mises surface by adjustment of the value of one parameter. A more general isotropic strength criterion was then derived from the critical state strength criterion. The new criterion included the effect of bonding, from the type found in weakly cemented natural soils to a much stronger form in intact rocks, and the effect of other factors such as the stress level and voids ratio. Based on the form of the proposed strength criterion, a generalized shear stress and a generalized shear stress ratio were also proposed. These parameters provide one standard way by which to interpret the shearing behavior of a geomaterial measured from laboratory tests with various apparatuses. For example, the shearing behavior of a geomaterial measured from simple shear tests and measurements for the same material made in a true triaxial test can be examined in the same coordinate system, i.e., in the distortional strain and the general shear stress plane. The proposed general isotropic strength criterion was employed to simulate the strength of a range of geomaterials in various situations. Predictions were compared with experimental data, and very good agreement was observed. It was seen the proposed criterion is suitable for describing the strengths of many geomaterials such as clays, sands, cemented sands, and rocks.
